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Problem 1 — Numerical Approximation
Consider Newton’s method for solving the equation  in the interval , starting with the initial approximation  such that  ().
Part (a) — 5 pts
What is the result of this iteration? Does Newton’s method converge with this initial approximation?
Part (b) — 5 pts
What is the result of the iteration if the initial approximation  satisfies ?
Problem 2 — Numerical Approximation (10 pts)
Let  be distinct points in . Let  be the Lagrange interpolating polynomials. Show that:

where  is the interpolating polynomial of degree  for .
Problem 3 — Numerical Approximation (10 pts)
Suppose that . Prove the following error estimate for the Trapezoidal rule, i.e.,

for some .
Problem 4 — Numerical Linear Algebra
Part (a) — 5 pts
For any nonsingular matrix  of size , denote  to be the condition number of , where  is a chosen matrix norm. Show that ,  for any nonzero scalar , and  for any matrix  of size .
Part (b) — 5 pts
Prove that if a nonsingular matrix  has an -factorization in which  is a unit lower triangular matrix, then  and  are unique.
Problem 5 — Numerical Linear Algebra
Consider the Gauss-Jacobi method for solving a linear system .
Part (a) — 3 pts
Formulate the method in the following form and specify the splitting matrix ,

Part (b) — 7 pts
Suppose  is strictly diagonally dominant. Prove that  and thus the Gauss-Jacobi method converges for any starting vector.
Problem 6 — Linear Algebra
Consider the following matrices and vectors

Part (a) — 5 pts
Find the matrix 1-norm .
Part (b) — 5 pts
If  is a perturbation matrix such that , show that

Part (c) — 5 pts
Use the above results to find the perturbation matrix  such that  and  is the smallest. Give sufficient reasons to justify your answer.
Problem 7 — Numerical Differential Equations
Consider the following method
Equation (1):

for , which approximates the solution of ordinary differential equations of the form

Part (a) — 5 pts
Determine the order of the method in (1).
Part (b) — 5 pts
Determine if the method in (1) is convergent.
Part (c) — 5 pts
Is the method in equation (1) A-stable?
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