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Problem Number, Points Possible, and Score
	Problem Number
	Points Possible
	Score

	1
	10
	 

	2
	10
	 

	3
	20
	 

	4
	10
	 

	5
	15
	 

	6
	10
	 

	7
	15
	 

	8
	10
	 

	Total:
	100
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[bookmark: numerical-approximation]Numerical Approximation
1. Consider the fixed point iteration scheme .
0. [5 pts] State the necessary conditions for the convergence of such a scheme to fixed point .
0. [5 pts] Find an upper bound for the absolute error .
1. Consider . Let  be the composite trapezoidal rule approximation to , for , .
0. [5 pts] Show  whenever  is even.
0. [5 pts] Find  when  is odd, and determine the order of convergence in terms of .
1. 
0. [5 pts] Let  be a smooth function. Given the points , show there is a unique polynomial that interpolates the data , .
0. [10 pts] Let  and consider the three data values ,  and . Let  be the polynomial that arises as the limit of the second order polynomial interpolant of the data as . What is the degree of ? What data (if any) does  interpolate? What data (if any) does  interpolate?
0. [5 pts] Given the points , denote by  the function

· such that , . Are the constants  unique? Justify your answer.
[bookmark: numerical-linear-algebra]Numerical Linear Algebra
1. Consider the Gauss-Seidel method for solving a linear system .
0. [3 pts] Formulate the method in the following form and specify the splitting matrix ,

0. [7 pts] Suppose  is strictly diagonally dominant. Prove that  and thus Gauss-Seidel method converges for any starting vector.
1. Consider the following matrices and vectors

0. [5 pts] Find the matrix -norm .
0. [5 pts] If  is a perturbation matrix such that , show that

0. [5 pts] Use the above results to find the perturbation matrix  such that  and  is the smallest. Give sufficient reasons to justify your answer.
1. Let  be a symmetric matrix satisfying all the -leading principal minors with .
0. [5 pts] Prove existence and uniqueness of the factorization , for a unit lower triangular matrix  and diagonal matrix  with positive diagonal elements.
0. [5 pts] Conclude that  is symmetric, positive definite.
[bookmark: numerical-differential-equations]Numerical Differential Equations
1. Consider the following method

· for , which approximate the solution of ordinary differential equations of the form

0. [5 pts] Determine the order of the method in (1).
0. [5 pts] Determine if the method in (1) is convergent.
0. [5 pts] Is the method in equation (1) A-stable?
1. [10 pts] Consider the initial value problem for one-dimensional wave propagation:

· with initial conditions

· An explicit time-stepping numerical method using central differences to discretize space and time derivatives gives

· where . Show that the scheme is conditionally stable and establish explicitly the stability condition.
