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1. Let  be a probability space and  an algebra on  such that . Prove that, for every  and , there is a set  such that

1. Let  be a probability space and  be a -system, (i.e.,  is a system of events closed under finite intersection), such that  for some sequence . Suppose that the equation

· holds for fixed events  and  and for all . Show that this equation holds for all .
1. Let . Show that

0. Let  be a nondegenerate random interval. Show that its expected length is the integral w.r.t.  of the probability that it covers .
1. Let  be a sequence of independent random variables.
0. If , and , show that  converges a.s.
0. Show that  converges a.s. iff it converges in probability.
1. Find uniformly integrable random variables  for which there is no integrable random variable  satisfying

· [Hint: Let  take values  and  with probabilities  and , respectively.]
1. 
0. Quote Lindeberg condition and Lyapunov condition for the central limit property of a sequence of random variables.
0. Let , be a sequence of independent normally distributed random variables with , and . Show that  does not satisfy the Lindeberg condition.
0. Give a sequence of random variables satisfying the Lindeberg condition but not the Lyapunov condition.
1. Use strong Law of large numbers to show that every number in  is normal (i.e., with probability 1 the proportion of zeros and ones in the binary expansion of the numbers tends to ).
1. Let  be a nonincreasing family of -algebras, , and  be an integrable random variable. Show that

· where

