Real Analysis Qualifying Examination, Fall 2023
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The five problems on this exam have equal weighting. To receive full credit give complete justification for all assertions by either citing known theorems or giving arguments from first principles.
[bookmark: problems-heading][bookmark: problems]Problems
1. Let .
0. Prove that  converge uniformly to  on  for any , but does not converge uniformly to  on .
0. Prove that the series  defines a continuous function on .
1. Let  be a measurable space and  is a non-negative set function on  that is finitely additive with . Recall that such a set function is said to be continuous from below if

· Prove that

1. Prove that

· for all  and conclude from this that

· Hint: You may use without proof that .
1. Let . Prove that

· where  denotes Lebesgue measure on .
· Hint: One possible approach would be to consider separately the regions where  and .
1. Let  a.e. on  with . Prove that  and that

· for all .
· Hint: First consider functions  supported on sets of finite measure and use Egorov's Theorem.
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[bookmark: solution-1-heading]Problem 1
1. 
0. Fix . Since

· we have

0. Take . Then

· so  as .
1. In light of (i) above, we know  does not converge uniformly on , but it does converge uniformly on  for every .
· Since

· and , the Weierstrass M-test gives uniform convergence of  on .
· Thus  defines a continuous function on  for any , hence a continuous function on .
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: Assume  is a measure, and let  be an increasing sequence in . Set  and . Then the  are pairwise disjoint and . By countable additivity,

: Assume  is continuous from below. Let  be a countable collection of pairwise disjoint sets in , and define . Then  is increasing and . Hence

Therefore  is countably additive, hence a measure.
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1. Since

· and both  and  are decreasing when , it follows that

· and

· provided . Therefore

1. Using the bounds from (a),

· For the upper bound, let . Then

· For the lower bound, the same substitution gives

· By the Dominated Convergence Theorem, both expressions converge to

· Therefore, by squeeze,
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[bookmark: soln-1]Soln 1
Let . Note that if

then

By the layer-cake representation,

This is finite if and only if .
[bookmark: soln-2]Soln 2
Write , where

On  we have

so  there. Similarly, on , .
Thus it suffices to check the integrals of  over  and  over . By Tonelli,

which is finite if and only if , equivalently . The argument for  is the same. Hence
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1. Since  a.e., we have  a.e. Fatou's theorem gives

· Therefore .
1. Suppose  with . Let . Since , there exists  such that  whenever .
· By Egorov's Theorem, there exists  with  such that  uniformly on . Hence for all sufficiently large ,  for every , and

· Using uniform convergence on  and Cauchy--Schwarz on ,

· Since  is uniformly bounded and  by part (a), we have . Also . Thus .
1. Now let  be arbitrary, and set . Since , we may choose  so that  is as small as we wish. Then

· The first term tends to  by the finite-measure case, and the second term can be made arbitrarily small by choosing  large and using the uniform -bound on  and . Hence

· for all .
