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All problems are of equal weight (10 points). Please arrange your solutions in numerical order even if you do not solve them in that order. Show work and carefully justify/prove your assertions.
In most cases, solutions judged by the committee to be nearly complete will receive scores of 8–10, while all other solutions will receive at most 3 points.
In the problems below,  denotes Lebesgue measure on .
Problem 1
Suppose  and  are elements of a pre-Hilbert space such that  and . Show that

Problem 2
Let  be a measure space. For every  and any measurable function  we define the quantity

and for  we set

where

Then for  we define

Part (a)
Prove that if  then .
Part (b)
The space , , is defined to be the space of all sequences , , such that

Similarly

Does  imply that ? Prove or disprove (a single counterexample would be enough).
Problem 3
Give an example of a function  such that for every nondegenerate interval , both

Problem 4
Let  be measurable sets. Show that

Problem 5
Let  be a sequence of distinct points in , and let  be a sequence of nonzero numbers satisfying

Prove that the series

converges uniformly. Find all points  at which  is continuous.
Problem 6
Suppose that , , and  are nonnegative measurable functions on a measure space . Assume that  -almost everywhere and that

Prove that

Is the conclusion still true if we drop the assumption that  and assume only that ?
Hint: It is convenient to consider the auxiliary sequence .
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