Real Analysis Preliminary Examination — September 1996
[bookmark: X8690d48a929f2d7a1e5fc83b793f2d1d604dba1][bookmark: main-content][bookmark: instructions]Instructions
Work three problems from each Section. All functions are real-valued. Unless specified otherwise, integrals are to be taken with respect to Lebesgue measure, denoted .
[bookmark: section-a]Section A
1. Suppose  and  and nonempty subsets of  satisfying  for all  and . Prove that .
1. Suppose the sequence  in  converges uniformly to a function . Prove that the family  is equicontinuous.
1. State and prove a version of the chain rule for functions mapping  into itself.
1. Suppose  is bounded, but not necessarily measurable and define  by . Prove that  is Lebesgue measurable.
[bookmark: section-b]Section B
1. Suppose  is Lebesgue measurable with . Define  by

· Prove that  is well-defined and differentiable and find a formula for .
1. Prove that if , then their convolution  is uniformly continuous on .
1. Suppose  and  are finite measures on the same measurable space . Prove that the following are equivalent.
0.  is absolutely continuous with respect to .
0. For each  there is a  such that  whenever .
1. Equip  with the -algebra of Borel sets and the two measures  Lebesgue measure and  counting measure. Prove that  where . Then explain the relevance of this example to the Fubini and Tonelli Theorems.
[bookmark: section-c]Section C
1. Define a linear functional  on  by . Compute the norm of  and justify your answer.
1. Show that if the dual  of a Banach space  is separable, then  is also separable.
1. Suppose  are closed subspaces of a Banach space  with  and . Prove that there is a constant  such that  for all .
1. Suppose  with . Prove that there is a function  satisfying .
