Topology Qualification Exam, Fall 2025
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You can assume homology groups and fundamental groups of a point and wedges of spheres in all dimensions. Everything else should be computed.
[bookmark: problems]Problems
1. 
0. Prove that the product  of two path-connected spaces  is path-connected.
0. Prove that the product  of two connected spaces  is connected.
1. Let  be a compact, Hausdorff space and let  be a subset of . Then  is closed if and only if it is compact.
1. Let  be a closed continuous surjective map such that  is compact for each . Show that if  is compact, then  is compact.
1. A surface  is obtained by identifying the edges of an 8-gon according to the word . Identify  and justify your answer.
1. Let  be the subspace obtained by removing three lines ,  and . Let  be the quotient space

· Compute the fundamental group and homology groups of .
1. 
0. Describe the universal cover of .
0. Construct a nonnormal covering space of the Klein bottle by a torus.
1. Describe a CW complex structure on . Use cellular homology to compute the homology groups of .
1. A topological space  is obtained by attaching a Möbius band to  by identifying the boundary circle of the Möbius band with the circle . Use Mayer-Vietoris sequence to compute the homology groups of .
1. Suppose that  is not surjective. Show that  is homotopic to a constant map.
