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Instructions: Do 8 problems, 2 of the first 3 and 6 of the last 7 problems. Clearly mark which problems you are skipping, otherwise we will not grade problems 3 and 10. All problems are worth 10 pts. You can assume homology groups and fundamental groups of a point and spheres in all dimensions. Everything else should be computed.
Problem 1
Recall that if  is a topological space and  is any given subset of , then  refers to the quotient space in which all points in  are identified to a single point. This problem is about the topological space , but it is important to note that here we are not using the algebraic interpretation of this notation, we are simply collapsing all points of  to one point and leaving all other points of  as distinct points.
Part (a)
Is  path connected?
Part (b)
Is there a continuous nonconstant map from  to ?
Problem 2
Let  and  be topological spaces and let  be any function. Suppose that  where  and  are closed subsets of , and that both of the restrictions  and  are continuous. Prove that  is continuous.
Problem 3
Part (a)
Prove that a topological space which has a countable basis for its topology also contains a countable dense subset.
Part (b)
Prove that the converse to (a) holds if the space is a metric space.
Problem 4
Let  and  denote the unit circle and unit disk, respectively, in the complex plane . We will build a topological space  as a quotient space of a disjoint union of  and , and to clarify this we model this disjoint union as . Let  where the equivalence relation  is given by  for all .
Part (a)
Calculate  and the homology groups of 
Part (b)
Give an explicit description of the universal cover , remembering that to describe a covering space one needs to describe both the space  and the covering map .
Part (c)
Explicitly describe the group of deck transformations (as a set of homeomorphisms of , not just as an abstract group).
Problem 5
Part (a)
State the classification theorem for compact closed surfaces.
Part (b)
What surface is represented by the 8-gon with the edges identified in pairs according to the symbol ?
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An octagon whose directed edges, clockwise from the upper-left edge, are labeled y, z, w, x inverse, y inverse, z inverse, w, and x. Paired edges carry matching arrow directions.
Part (c)
What is the genus of its orientable 2-fold cover?
Problem 6
Show that any continuous map  is null-homotopic.
Problem 7
Part (a)
Describe standard CW-structures for the real projective plane  and the Klein Bottle , specifying the gluing maps, and use them to calculate the homology groups of these spaces.
Part (b)
Describe standard CW-structures, specifying the gluing maps, for the real projective spaces  and the complex projective spaces  and calculate the CW homology of these spaces.
Problem 8
State the Mayer-Vietoris sequence theorem and use it and your knowledge of the homology of  to re-calculate the homology groups of the Klein bottle  by thinking of it as a connected sum . In this problem, if you already know, or computed in a previous problem, the homology groups of , you can use this information as given.
Problem 9
For what compact connected oriented surfaces  (with or without boundary) does there possibly exist a continuous map  that is homotopic to the identity and has no fixed points? For the cases when it exists, give an example of such map and explain why it is homotopic to the identity.
Problem 10
Part (a)
Give an explicit continuous map from  to  which is not nullhomotopic (i.e. not homotopic to a constant map), and prove that it is not nullhomotopic.
Part (b)
Give an explicit continuous surjective map from  to  which is nullhomotopic, and explicitly describe the nullhomotopy.
Page 2
Page 1
rId32.png




