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Ph.D. Preliminary Examination, March 1997
(Solve any 5 problems completely.)

. Let {X,} be a sequence of independent random variables.

(a)f EX,=0forn=1,2,.., and } o, var(X,) < oo, show that 3", X, converges
a.s.

(b) State (without proof) Levy’s inequality and use it to prove that S, = 3 i, Xk
converges a.s. if and only if it converges in probability.

(a) Prove that for any r.v. X
o0
E|X| = / P(|X| > t)dt.
0

(b) Given a square integrable r.v. X, show that for A > 0,
a*(X)

X - [ > < —=—=.
P(X = BX 2 0) < ooy

. (a) State (without proof) the Levy continuity theorem regarding a sequence of charac-

teritic functions.
(b) Let {X,} be iid r.v.s with distribution F'(x) having finite mean p and varivance ¢
Let S, = X1 +---+ X,. Show that
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(a) State (without proof) the Doob’s maximum inequality and Kolmogorov’s inequality.

(b) Let F, be a family of o-algebras such that
FiD2FD:---

2

— N(0,1) in distribution as n — ooc.

and X be an integrable random variable. Show that
E[X|Fp] = E[X|Fx] as. and in L',
where Foo = NS, Fr.

If {X,} are iid r.v.s, then E|X;| < oo if and only if 352, X, S22 converges a.s. for
every t € (—o0,00).

. Let {X,} be iid r.v.s. Then,
- (a) n~ ! maxi<i<a | Xi| — 0 in probability if and only if nP(|X;] > n) = o(1).

(b) n~! maxi<i<n | Xi| — 0 a.s. if and only if E|X;] < co.

. (a) Given a random variable X with finite mean square. Let D be a o-algebra. Show

that E[X|D] is the minimizer of E(X — €)? over all D-measurable r.v.s , i.e.,
E(X - E[X|D])? < E(X - €)?
for all D-measurable r.v.s £. '
(b) Let (2, F, P) denote a probability space. Suppose f: R™ X @ — R is a bounded

B(R™)xC measurable function and X be a n-dimensional D measurable random variable.
Assume C and D are independent. If g(z) := E f(z,w), then

9(X) = E[f(X,w)|D], as.



