Real

Real Analysis Preliminary Examination

Scptember 1991

Instructions: Do all of the problems 1 - 4 and do any four of the problems § - 9.

X (x,y) # (0,0

1. Let £(0,0) =0 and f(x,¥) =77~

a) Show that % and gf; exist at (x, y) = (0, 0).

b) Is f differentiable at (0,0)7

9. Let F:R®— R? begiven by
F(xh X9y Y1 Y2 YJ) = (23:1 ¥i~ Yga Xz €OS X; - X + Y% - ¥3)-

a) Show that there is 2 function
g N — R?,

where N C R® is a neighborhood of (2,-1,2), such that
5(21 -1, 2) = (0* 1)

and
F(g3),7) =0 forall 7 € N.

b) Compute g'(2, -1, 2)-

3. a) Show that the sequence
n=1223,...

f(x) = —%—,
(%) 1+ nx?
converges uniformly to a function f(x) on R.

b) Isit true that lim fi(x) =f(x) forall x € R?
D00



Let {f,} be a sequence of measurable functions on R. Show that the set
A={x € Rlnli,nouo f (x) exists}

is a measurable set.

Let (X, Ab, p) bea o-finite measure space aud f: X — R a2 non-negative

measurable function. Let
A={(xt) € X xR|0Lt < f(x)}-
Prove A is measurable with respect to the product measurer pxA oo X xR

(A is Lebesgue measure on R), and that
: pxMA) = [ fde
X

Let N denote the natural numbers 0,1,2,...} and ¥ the o-algebra of all
subsets of N. For a pon-negative sequence b = {bg, by, bz - - - }, define 2

measure on & by
gu(B) =X b, for E € 9.
n€E !
If ¢ = {cg €1» Car - - - } is another pon-negative sequence, characterize when g, is
absolutely continuous with respect to p, and find dp./dp, in this case.

Give an outline of how the Fourier Traasform is defined as a map from L*(R) to

L*(R).
a) Let H be a complex Hilbert space and V C H a closed proper subspace.

Show there exists w € vy with w # 0.

b) Use part a) to prove that if ¢ H — C is a complex continuous linear
functional on H, then there is a vector v € H such that €(x) = (x, v) for all

x. € H.

State and prove the closed graph theorem.



